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What is an inverse sine function. Which graph represents the inverse sine function. The graph of the inverse sine function extends indefinitely in both directions.



The graphs of the inverse functions are the original function in the domain specified above, which has been flipped about the line y=xy=xy=x. The effect of flipping the graph about the line y=xy=xy=x is to swap the roles of xxx and yyy, so this observation is true for the graph of any inverse function. Now, by swapping the roles of xxx and yyy, the
domain of the sine function gets converted to the range of the sin—1\sin™{-1}sin—1 function and vice versa. The following graph demonstrates that the domain of sin—1\sin”~{-1}sin—1 is [—1,1][-1, 1][—1,1] and the range of sin—1\sin” {-1}sin—1 is [—n2,m2]:\left[- \frac{\pi} {2}, \frac{\pi} {2} \right]:[-21m,21]: sin—1\sin”™ {-1}sin—1 Similarly, for the
cosine function, the domain of the cosine function gets converted to the range of the cos—1\cos”™{-1}cos—1 function and vice versa. The following graph demonstrates that the domain of cos—1\cos”™{-1}cos—1 is [—1,1][-1, 11[—1,1] and the range of cos—1\cos™{-1}cos—1 is [0,m]:\left[ O, \pi \right]:[0,1]: cos—1\cos” {-1}cos—1 For the tangent function,
the domain of tan—1x\tan” {-1} xtan—1x is (—=,®) (-\infty, \infty) (—«,«) since the tangent has both positive and negative vertical asymptotes, and the range of tan—1x\tan” {-1}xtan—1x is (—u2,m2):\big(- \frac{\pi} {2}, \frac{\pi} {2} \big):(—2m,2m): tan—1\tan" {-1}tan—1 Precalculus by Richard Wright Previous Lesson Table of Contents Next Lesson
Are you not my student andhas this helped you? Summary: In this section, you will: Use the inverse sine, cosine, and tangent functions Evaluate inverse trigonometric functions Figure 1: Sloped roof. credit (pxhere.com) Roofs have to have a certain angle to meet building code in snowy environments. The slope is intended to ensure that rain and snow
will slide off the roof. If too much snow sits on the roof, it could collapse under the weight of the snow. Inverse trigonometric functions can be used to calculate the required angle. Inverse Sine Function Inverse functions do the opposite of their original function. The input and output of the function are reversed for an inverse function. For example,
the domain of the sine function is the angle and the range is the ratio of the coordinates of a point on the unit circle. Inverse sine’s domain is the ratio and the range is the angle. Inverse trigonometric functions are used to find angles. Graphically, inverse functions are reflections over the line y = x. Take the graph of y = sin x in figure 2a, then reflect
it over y = x to form the inverse as in figure 2b. Notice the inverse fails the vertical line test and thus is not a function. Mathematics works better with functions, so limit the inverse sine function to one section as in figure 3. Figure 2a: y = sin x Figure 2b: Reflection of y = sin x over y = x. Figure 3: \(y = \sin™{-1} x\) Inverse sine is written \(y =
\sin™~{-1} x\) or \(y = \arcsin x\) where x is the ratio of the coordinates on a circle and y is the angle. The domain is [-1, 1] and the range is \(\left[-\frac{nm} {2}, \frac{m} {2}\right]\). To evaluate, find the ratio on the unit circle and read the corresponding angle. Remember the angle must be between \(-\frac{m}{2}\) and \(\frac{m} {2}\). Figure 4: Range
of \(\sin”™ {-1}\) on the unit circle. Find the exact value of sin-1 1. Solution Find where sin 6 = 1 on the unit circle. This occurs at \(\frac{m}{2}\), so \(\sin~{-1} 1 = \frac{m}{2}\). Find the exact value of \(\arcsin -\frac{\sqrt{2}}{2}\). Answer \(-\frac{n} {4}\) Inverse Cosine and Inverse Tangent Inverse cosine and tangent are similar in concept to
inverse sine. The inverses are used to find the angles. Figure 5 is inverse cosine. The domain is [-1, 1] and the range is [0, u]. Figure 5: \(y = \cos™{-1} x\) Inverse tangent’s domain is (-», «) and the range is \(\left(-\frac{m} {2}, \frac{m} {2}\right)\). Figure 6: \(y = \tan" {-1} x\) Written: y = sin-1 x or y = arcsin x Domain: [-1, 1] Range: \(\left[-
\frac{m} {2}, \frac{m} {2 }\right]\) Written: y = cos-1 x or y = arccos x Domain: [-1, 1] Range: [0, ] Written: y = tan-1 x or y = arctan x Domain: (-», «) Range: \(\left(-\frac{m} {2}, \frac{m} {2 }\right)\) Evaluate a) arccos \(\frac{\sqrt{3}}{23}\) b) cos-1 (-1) ¢) tan-1 1 and d) arctan (\(-\sqrt{3}\)). Solution arccos \(\frac{\sqrt{3}}{2}\): On the unit
circle, cosine is the x coordinate. Find a point with the x coordinate of \(\frac{\sqrt{3}}{2}\) with an angle between 0 and 1. \(\cos \frac{n} {6} = \frac{\sqrt{3}}{2}\) so \(\arccos \frac{\sqrt{3}}{2} = \frac{m}{6}\). cos-1 (-1): On the unit circle, cosine is the x coordinate. Find a point with the x coordinate of -1 with an angle between 0 and 1. cos 1 =
-1, so cos-1 (—1) = m. tan-1 1: On the unit circle, tangent is the ratio of \(\frac{y}{x}\). Find a point with the ratio of coordinates is 1 with an angle between \(-\frac{m} {2}\) and \(\frac{m}{2}\). \(\tan \frac{m} {4} = 1\), so \(\tan™{-1} 1 = \frac{m}{4}\). arctan (\(-\sqrt{3}\)): On the unit circle, tangent is the ratio of \(\frac{y}{x}\). Find a point with
the ratio of coordinates is \(-\sqrt{3}\) with an angle between \(-\frac{n} {2}\) and \(\frac{m} {2}\). \(\tan \left(-\frac{m} {3}\right) = -\sqrt{3}\), so \(\arctan \left(-\sqrt{3}\right) = -\frac{n} {3}\). Find the exact value of a) \(\cos™{-1} \frac{1}{2}\) and b) arctan 0. Answers \(\frac{n}{3}\); 0 Evaluate Inverse Trigonometric Functions on a Calculator
When the ratio is not on the unit circle to evaluate inverse trigonometric functions, a calculator will need to be used. On most calculators, the inverse trigonometric functions are the 2nd or shift options of the regular trigonometric function keys. Use a calculator to evaluate a) arcsin 0.8660, b) tan-1 (-2.1), and c) arccos (-2) in radians. Solution Make
sure the calculator is in radian mode (or degree mode is angles in degrees is desired). On a TI-84, press 2nd sin™-1 0.8660 enter. The calculator should display 1.047146746, so the arcsin 0.8660 = 1.0471. The NumWorks is similar. On a TI-84, press 2nd tan-1 -2.1 enter. The calculator should display -1.126377117, so tan-1 -2.1 = -1.1264. The
NumWorks is similar. On the NumWorks, press shift acos -2 enter. The calculator should display “nonreal”. That is because -2 is outside of the domain of cos-1, so there is no output of the function. The TI-84 is similar. Use a calculator to evaluate arctan (-0.2) and cos-1 1. Answers -0.1974; 0 Written: y = sin-1 x or y = arcsin x Domain: [-1, 1] Range:
\(\left[-\frac{m} {2}, \frac{m} {2}\right]\) y = cos-1 x Written: y = cos-1 x or y = arccos x Domain: [-1, 1] Range: [0, 1] y = tan-1 x Written: y = tan-1 x or y = arctan x Domain: (-, «) Range: \(\left(-\frac{m} {2}, \frac{m} {2 }\right)\) Practice Exercises Why do f(x) = sin—1 x and g(x) = cos—1 x have different ranges? Why must the domain of the
trigonometric functions be restricted for the inverse trigonometric functions to exist? Evaluate the expressions. \(\sin”™{—1}\left(—\frac{\sqrt{3}} {2 }\right)\) \(\cos™ { —1 }\left(—\frac{1} {2 }\right)\) \(\arctan \left(—\sqrt{3}\right)\) \(\cos™ { —1 }\left(\frac{\sqrt{3} } {2}\right)\) Use a calculator to evaluate each expression. Round to the nearest
hundredth. sin—1(—0.3) arccos(0.6) tan—1(1.2) Find the angle 6 in the given right triangle. Round to the nearest hundredth. Mixed Review (4-07) Sketch two periods of the graph for each of the following functions. Identify the stretching factor, period, and asymptotes. \(y = 2\sec\left(mx\right)\) (4-07) Find an equation for the graph of the function. (4-
06) Determine the amplitude, midline, period, and an equation involving the sine function for the graph. (4-04) Let 6 be an acute angle. Use the given function value with trigonometric identities to evaluate the given function. If \(\cos 6 = \frac{3}{5}\), find a) sec 6 and b) sin 6. (4-03) Use the special right triangles to evaluate the indicated
trigonometric function. \(\csc\left(\frac{m} {3}\right)\) Answers The function y = sin x is one-to-one on \(\left[—\frac{m} {2}, \frac{m} {2}\right]\); thus, this interval is the range of the inverse function of y = sin x, f(x) = sin—1 x. The function y = cos x is one-to-one on [0, 11]; thus, this interval is the range of the inverse function of y = cos x, f(x) = cos—1
x. This also gives each function one positive and one negative quadrant. In order for any function to have an inverse, the function must be one-to-one and must pass the horizontal line test. The regular sine function is not one-to-one unless its domain is restricted in some way. \(—\frac{m} {3}\) \(\Mfrac{2m}{3}\) \(—\frac{m} {3}\) \(\frac{m} {6}\) —0.30
0.93 0.88 0.55 radians ; a = 2; T = 2; VA: \(x=\frac{1}{4}x\frac{n}{2}\) \(y = 2\tan\left(2x\right)\) \(a=\frac{1}{2}\); midline y = 1; period = 2m; \(y=\frac{1} {2 }\sin\left(x-\frac{m} {2 }\right)+1\) 1.667; 0.8 \(\frac{2\sqrt{3}}{3}\) Previous Lesson Table of Contents Next Lesson Learning Objectives Understand and use the inverse sine, cosine, and
tangent functions. Find the exact value of expressions involving the inverse sine, cosine, and tangent functions. Use a calculator to evaluate inverse trigonometric functions. Find exact values of composite functions with inverse trigonometric functions. For any right triangle, given one other angle and the length of one side, we can figure out what the
other angles and sides are. But what if we are given only two sides of a right triangle? We need a procedure that leads us from a ratio of sides to an angle. This is where the notion of an inverse to a trigonometric function comes into play. In this section, we will explore the inverse trigonometric functions. In order to use inverse trigonometric
functions, we need to understand that an inverse trigonometric function “undoes” what the original trigonometric function “does,” as is the case with any other function and its inverse. In other words, the domain of the inverse function is the range of the original function, and vice versa, as summarized in Figure \(\PageIndex{1}\). Figure \
(\Pagelndex{1}\) For example, if \(f(x)=\sin\space x\), then we would write \(f"~ {—1}(x)={\sin} ~{—1}x\). Be aware that \({\sin} ~{—1}x\) does not mean \(\dfrac{1} {\sin\space x}\). The following examples illustrate the inverse trigonometric functions: Since \(\sin\left(\dfrac{\pi} {6 }\right)=\dfrac{1}{2}\), then \(\dfrac{\pi}{6}=

{\sin} "~ {—1}\left(\dfrac{1} {2 }\right)\). Since \(\cos(\pi)=—1\), then \(\pi={\cos} "~ {—1}(—1)\). Since \(\tan\left (\dfrac{\pi} {4 }\right )=1\), then \(\dfrac{\pi}{4}={\tan}~{—1}(1)\). In previous sections, we evaluated the trigonometric functions at various angles, but at times we need to know what angle would yield a specific sine, cosine, or tangent
value. For this, we need inverse functions. Recall that, for a one-to-one function, if \(f(a)=Db\), then an inverse function would satisfy \(f~{—1}(b)=a\). Bear in mind that the sine, cosine, and tangent functions are not one-to-one functions. The graph of each function would fail the horizontal line test. In fact, no periodic function can be one-to-one
because each output in its range corresponds to at least one input in every period, and there are an infinite number of periods. As with other functions that are not one-to-one, we will need to restrict the domain of each function to yield a new function that is one-to-one. We choose a domain for each function that includes the number 0. Figure \
(\Pagelndex{2}\) shows the graph of the sine function limited to \(\left[ —\dfrac{\pi} {2} \dfrac{\pi} {2} \right]\) and the graph of the cosine function limited to \([ 0,\pi ]\). Figure \(\PageIndex{2}\): (a) Sine function on a restricted domain of \(\left[ —\dfrac{\pi} {2}, \dfrac{\pi} {2} \right]\); (b) Cosine function on a restricted domain of \([ 0,\pi ]\) Figure \
(\PageIlndex{3}\) shows the graph of the tangent function limited to \(\left(—\dfrac{\pi} {2},\dfrac{\pi} {2 }\right)\). Figure \(\PageIndex{3}\): Tangent function on a restricted domain of \(\left (—\dfrac{\pi}{2},\dfrac{\pi} {2}\right )\) These conventional choices for the restricted domain are somewhat arbitrary, but they have important, helpful
characteristics. Each domain includes the origin and some positive values, and most importantly, each results in a one-to-one function that is invertible. The conventional choice for the restricted domain of the tangent function also has the useful property that it extends from one vertical asymptote to the next instead of being divided into two parts by
an asymptote. On these restricted domains, we can define the inverse trigonometric functions. The inverse sine function \(y={\sin} "~ {—1}x\) means \(x=\sin\space y\). The inverse sine function is sometimes called the arcsine function, and notated \(\arcsin\space x\). \(y={\sin} ~{—1}x\) has domain \([—1,1]\) and range \(\left[—\frac{\pi} {2}, \frac{\pi}
{2}\right]\) The inverse cosine function \(y={\cos} "~ {—1}x\) means \(x=\cos\space y\). The inverse cosine function is sometimes called the arccosine function, and notated \(\arccos\space x\). \(y={\cos} "~ {—1}x\) has domain \([—1,1]\) and range \([0,11]\) The inverse tangent function \(y={\tan} ™ {—1}x\) means \(x=\tan\space y\). The inverse tangent
function is sometimes called the arctangent function, and notated \(\arctan\space x\). \(y={\tan} "~ {—1}x\) has domain \((—\infty,\infty)\) and range \(\left(—\frac{\pi} {2} \frac{\pi} {2 }\right)\) The graphs of the inverse functions are shown in Figures \(\PageIndex{4}\) - \(\PageIndex{6}\). Notice that the output of each of these inverse functions is a
number, an angle in radian measure. We see that \({\sin} ™~ {—1}x\) has domain \([ —1,1 ]\) and range \(\left[ —\dfrac{\pi} {2} \dfrac{\pi}{2} \right]\), \({\cos} "~ {—1}x\) has domain \([ —1,1 ]\) and range \([0,\pi]\), and \({\tan} ~{—1}x\) has domain of all real numbers and range \(\left(—\dfrac{\pi} {2},\dfrac{\pi} {2 }\right)\). To find the domain and range
of inverse trigonometric functions, switch the domain and range of the original functions. Each graph of the inverse trigonometric function is a reflection of the graph of the original function about the line \(y=x\). Figure \(\PageIndex{4}\): The sine function and inverse sine (or arcsine) function Figure \(\PageIndex{5}\): The cosine function and
inverse cosine (or arccosine) function Figure \(\PageIlndex{6}\): The tangent function and inverse tangent (or arctangent) function For angles in the interval \(\left[ —\dfrac{\pi}{2},\dfrac{\pi} {2} \right]\), if \(\sin y=x\), then \({\sin} "~ {—1}x=y\). For angles in the interval \([ 0,\pi ]\), if \(\cos y=x\), then \({\cos} "~ {—1}x=y\). For angles in the interval \
(\Meft(—\dfrac{\pi} {2} \dfrac{\pi} {2 }\right )\), if \(\tan y=x\),then \({\tan} ™~ {—1}x=y\). Given \(\sin\left(\dfrac{5\pi} {12 }\right)=0.96593\), write a relation involving the inverse sine. Solution Use the relation for the inverse sine. If \(\sin y=x\), then \({\sin} ™~ {—1}x=y\). In this problem, \(x=0.96593\), and \(y=\dfrac{5\pi}{12}\). \({\sin}~{—-1}
(0.96593)=\dfrac{5\pi} {12}\) Given \(\cos(0.5)=0.8776\),write a relation involving the inverse cosine. Answer \(\arccos(0.8776)=0.5\) Now that we can identify inverse functions, we will learn to evaluate them. For most values in their domains, we must evaluate the inverse trigonometric functions by using a calculator, interpolating from a table, or
using some other numerical technique. Just as we did with the original trigonometric functions, we can give exact values for the inverse functions when we are using the special angles, specifically \(\dfrac{\pi}{6}\)(30°), \(\dfrac{\pi} {4}\)(45°), and \(\dfrac{\pi} {3}\)(60°), and their reflections into other quadrants. Given a “special” input value,
evaluate an inverse trigonometric function. Find angle \(x\) for which the original trigonometric function has an output equal to the given input for the inverse trigonometric function. If \(x\) is not in the defined range of the inverse, find another angle \(y\) that is in the defined range and has the same sine, cosine, or tangent as \(x\),depending on which
corresponds to the given inverse function. Evaluate each of the following. \({\sin} ~{—1}\left(\dfrac{1} {2 }\right)\) \({\sin} ~{—1 }\left(—\dfrac{\sqrt{2} } {2 }\right)\) \({\cos} ™~ {—1 left(—\dfrac{\sqrt{3} } {2 }\right)\) \({\tan} ~{—1}(1)\) Solution Evaluating \({\sin} "~ {—1}\left(\dfrac{1} {2 }\right)\) is the same as determining the angle that would have a
sine value of \(\dfrac{1}{2}\). In other words, what angle \(x\) would satisfy \(\sin(x)=\dfrac{1}{2}\)? There are multiple values that would satisfy this relationship, such as \(\dfrac{\pi} {6}\) and \(\dfrac{5\pi} {6}\), but we know we need the angle in the interval \(\left[ —\dfrac{\pi}{2},\dfrac{\pi}{2} \right]\), so the answer will be \({\sin} ~{—1}\left
(\dfrac{1}{2}\right)=\dfrac{\pi}{6}\). Remember that the inverse is a function, so for each input, we will get exactly one output. To evaluate \({\sin} "~ {—1}\left(—\dfrac{\sqrt{2}} {2 }\right)\), we know that \(\dfrac{5\pi}{4}\) and \(\dfrac{7\pi} {4}\) both have a sine value of \(-\dfrac{\sqrt{2}}{2}\), but neither is in the interval \(\left[ —\dfrac{\pi}
{2} \dfrac{\pi} {2} \right]\). For that, we need the negative angle coterminal with \(\dfrac{7\pi}{4}\): \({\sin} "~ {—1Hleft(—\dfrac{\sqrt{2} } {2 }\right)=—\dfrac{\pi} {4}\). To evaluate \({\cos} ™ {—1}\left(—\dfrac{\sqrt{3} } {2}\right)\), we are looking for an angle in the interval \([ 0,\pi ]\) with a cosine value of \(-\dfrac{\sqrt{3}}{2}\). The angle that
satisfies this is \({\cos} "~ {—1}\left(—\dfrac{\sqrt{3} } {2 Hright)=\dfrac{5\pi}{6}\). Evaluating \({\tan}~{—1}(1)\), we are looking for an angle in the interval \(\left(—\dfrac{\pi} {2}, \dfrac{\pi}{2}\right)\) with a tangent value of \(1\). The correct angle is \({\tan} "~ {—1}(1)=\dfrac{\pi}{4}\). Evaluate each of the following. \({\sin} "~ {—=1}(—1)\) \
({Man}~{—13}(—=1D)\) \({\cos} ™~ {—1}(—=1)\V) \({\cos} ~{—1\left(\dfrac{1} {2 }\right)\) Answer a \(-\dfrac{\pi}{2}\) Answer b \(-\dfrac{\pi} {4}\) Answer c \(\pi\) Answer d \(\dfrac{\pi} {3}\) To evaluate inverse trigonometric functions that do not involve the special angles discussed previously, we will need to use a calculator or other type of technology.
Most scientific calculators and calculator-emulating applications have specific keys or buttons for the inverse sine, cosine, and tangent functions. These may be labeled, for example, SIN-1, ARCSIN, or ASIN. In the previous chapter, we worked with trigonometry on a right triangle to solve for the sides of a triangle given one side and an additional
angle. Using the inverse trigonometric functions, we can solve for the angles of a right triangle given two sides, and we can use a calculator to find the values to several decimal places. In these examples and exercises, the answers will be interpreted as angles and we will use \(\theta\) as the independent variable. The value displayed on the calculator
may be in degrees or radians, so be sure to set the mode appropriate to the application. Evaluate \({\sin}~{—1}(0.97)\) using a calculator. Solution Because the output of the inverse function is an angle, the calculator will give us a degree value if in degree mode and a radian value if in radian mode. Calculators also use the same domain restrictions
on the angles as we are using. In radian mode, \({\sin} "~ {—=1}(0.97)=1.3252\). In degree mode, \({\sin} "~ {—13}(0.97)=75.93°\). Note that in calculus and beyond we will use radians in almost all cases. Evaluate \({\cos} ™ {—1}(—0.4)\) using a calculator. Answer \(1.9823\) or \(113.578" {\circ}\) Figure \(\PageIndex{7}\) If one given side is the
hypotenuse of length \(h\) and the side of length \(a\) adjacent to the desired angle is given, use the equation \(\theta={\cos} ™~ {—1}\left(\dfrac{a} {h}\right)\). If one given side is the hypotenuse of length \(h\) and the side of length \(p\) opposite to the desired angle is given, use the equation \(\theta={\sin} ~{—1}\left(\dfrac{p} {h}\right)\). If the two
legs (the sides adjacent to the right angle) are given, then use the equation \(\theta={\tan} "~ {—1}\left(\dfrac{p} {a}\right)\). Solve the triangle in Figure \(\PageIndex{8}\) for the angle \(\theta\). Figure \(\PageIndex{8}\) Solution Because we know the hypotenuse and the side adjacent to the angle, it makes sense for us to use the cosine function. \
[\begin{align*} \cos \theta&= \dfrac{9} {12}\\ \theta&= {\cos} "~ {-1}\left(\dfrac{9} {12 }\right)\qquad \text{Apply definition of the inverse}\\ \theta&\approx 0.7227\qquad \text{or about } 41.4096" {\circ} \text{ Evaluate} \end{align*}\] Solve the triangle in Figure \(\PageIndex{9}\) for the angle \(\theta\). Figure \(\PageIndex{9}\) Answer \
({\sin}~{—-13}(0.6)=36.87°=0.6435\) radians There are times when we need to compose a trigonometric function with an inverse trigonometric function. In these cases, we can usually find exact values for the resulting expressions without resorting to a calculator. Even when the input to the composite function is a variable or an expression, we can
often find an expression for the output. To help sort out different cases, let \(f(x)\) and \(g(x)\) be two different trigonometric functions belonging to the set{ \(\sin(x)\),\(\cos(x)\),\(\tan(x)\) } and let \(f~{-1}(y)\) and \(g” {-1}(y)\) be their inverses. For any trigonometric function, \(f(f~ {-1}(y))=y\) for all \(y\) in the proper domain for the given function.
This follows from the definition of the inverse and from the fact that the range of \(f\) was defined to be identical to the domain of \(f~{—1}\). However, we have to be a little more careful with expressions of the form \(f~ {-1}(f(x))\). \[\begin{align*} \sin({\sin} ™ {-1}x)&= x\qquad \text{for } -1\leq x\leq 1\\ \cos({\cos} ™ {-1}x)&= x\qquad \text{for }
-N\leq x\leq 1\\ \tan({\tan} "~ {-1}x)&= x\qquad \text{for } -\infty
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